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Arrangement: Tongyu Lu 

How to implement gradient-based optimization in almost any model? Backpropagation (BP). We may have been pretty 
familiar with using BP, but if you are asked to throw away PyTorch and implement it yourself, are you able to do that? If yes, 
then this lecture note will be trivial for you. If not, it is worth reading. 

Backpropagation 

Computing Derivative in Computation Graph 

Consider 𝑦 = 𝑦(𝑧), 𝑧 = 𝑧(𝑥), then 
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The forward computation from 𝑥 to 𝑦 could be represented as such (and dimensions are assumed as such in the graph): 
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 is the summation back of the three orange paths. 

 
This is actually a general rule to use summation over paths to calculate derivatives, which is stated as the Bauer’s formula. 
This will be stated very soon. 
 
Before getting to the theory, let’s have another example of practical chain rule. Consider a composite function: 

𝑓(𝑥, 𝑦, 𝑧) = 𝑧 + sin(𝑥ଶ + 𝑦 exp(𝑧)) 
It is easy to draw a computation graph for it: 

 
Now, we focus on the form of this graph: it is a labelled directed acyclic graph (DAG). Actually, it is a hypergraph. Each node 
is a variable and each hyperedge is labeled with a function. What is a hypergraph and a hyperedge? 
A hypergraph is a graph in which exists an edge (hyperedge) 𝑒 = ([𝑉ଵ, 𝑉ଶ … ], 𝑉′) that links a vertex 𝑉′ to more than one 
vertices [𝑉ଵ, 𝑉ଶ … ] . In the computation graph, such edges are operators which involves more than one argument, like 
addition and multiplication. 
When we have a hyperedge, we could introduce an auxiliary node, like the + or × nodes shown in the computation graph. 
And then, the hyperedges are transformed into a node with several normal edges. And the hypergraph is transformed into 
a graph. 



Now, we want to do derivative on it. Say, we want to compute 𝜕𝑔/𝜕𝑧. From the expression, it is not hard to do it: 

𝜕𝑔

𝜕𝑧
= 1 + 𝑦 exp(𝑧) cos(𝑥ଶ + 𝑦 exp(𝑧)) 

We check if the “tracing all the way back” rule applies to this: we find two paths from 𝑔 to  

 

According to the graph, 
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have: 
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And this is exactly what we have got from the chain rule in mathematics. 
Now, we are convinced to welcome the following theorem: 
 
Theorem (Bauer’s formula): given a function 𝑓 , generate its computation graph 𝐺 = (𝑉, 𝐸)  (where auxiliary nodes for 
multi-argument operations are introduced and the corresponding derivative rules are defined), then given any 𝑧, 𝑧 ∈ 𝑉, 
we have 
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where 𝒫(𝑘, 𝑛) is the set of all paths from 𝑧 to 𝑧, and (𝑖, 𝑗) is an individual edge from 𝑧 to 𝑧. 
No proof for Bauer’s formula! To be simple, it is exactly the chain rule. 
We call such paths 𝑝 ∈ 𝒫(𝑘, 𝑛) as Bauer paths. If we compute this formula naively, we will sum up exponential number of 
paths. As an example, in the following computation graph, the Bauer paths are highlighted in blue: 

 
This graph is screenshot from the lecture slide. This shows that there is a total of 2 × 4 × 1 paths. It could be imagined the 
number of paths is given by a series of multiplication. This is why we say that it is in exponential level. 
Note that in this graph, the auxiliary vertices are removed, which is replaced by multiple edges. For example, there is a 2-
argument computation from [𝑧ଷ, 𝑧ସ] to 𝑧. In the computation hypergraph, it is a hyperedge. Now, it is represented as two 
edges. 



The introduction of auxiliary vertices is just for clear notations in math. In the next section, a computation graph is treated 
as a hypergraph without auxiliary vertices, where each hyperedge 𝑔: [Pa(𝑧)] → 𝑧 is labelled as a function from parent 
nodes of 𝑧 to node 𝑧. 
In lecture discussion: Bipartite graph? It is the graph which has nodes on the two parts, in which the nodes in each part are 
not linked directly by edges. Currying? 

Reverse-mode Automatic Differentiation 

Now, as we have known how to represent an arbitrary derivative in a computation graph, we want to then find an efficient 
way to calculate it. 
Let’s continue the example in the previous section: 

𝑓(𝑥, 𝑦, 𝑧) = 𝑧 + sin(𝑥ଶ + 𝑦 exp(𝑧)) 
Suppose we plug in an input and get an output, as screenshot in the following figure: 

 
Complexity: 𝑂(𝐸) 
Now, try to write this process into an algorithm: 
Algorithm: forward propagate 

Input: function 𝑓: ℝ → ℝ, input 𝑥 ∈ ℝ 
1. Create computation hypergraph, with 𝑁 hyperedges. (As one hyperedge links one vertex in this DAG, the total number 

of vertices is 𝑀 = 𝑁 + 𝑛) 

2. Initialize 𝑧 = ൜
𝑥 , 1 ≤ 𝑖 ≤ 𝑛
0, 𝑛 < 𝑖 ≤ 𝑀

 

3. Denote each hyperedge as 𝑔: [Pa(𝑖)] → 𝑧 (notation [Pa(𝑖)] means the ordered parent vertices of 𝑧) 
4. for 𝑖 = 𝑛 + 1, … , 𝑀: 
5.     𝑧 ← 𝑔([Pa(𝑖)]) 
Output: [𝑧ଵ, … , 𝑧ெ] 

Then, we do derivative in that same example computation graph, and here is what we get: 

 
Complexity: 𝑂(𝐸) 
We mimic the forward propagate algorithm, and try to write down the “back propagate” algorithm: 
Algorithm: back propagate (BP) 

Input: function 𝑓: ℝ → ℝ, input 𝑥 ∈ ℝ 
1. [𝑧ଵ, … , 𝑧ெ] = forward_propagate(𝑓, 𝑥) 
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3. for 𝑖 = 𝑀 − 1, … ,1: 
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We see that: although BP is implementation of chain rule, it is actually a linear-time dynamic program for computing 
derivatives. This is the art of dynamic programming: use storage to trade computation complexity. 
 
From the algorithm introduced above, we say that BP is the “reverse-mode automatic differentiation”. Are there other forms 
of automatic differentiation? Yes, there are. For example, forward-mode. But they are not so efficient as the reverse-mode. 
Therefore, they are left for literature reviews, in case you are interested. 
 
Theorem: reverse-mode AD can compute gradient 𝜕𝑓/𝜕𝑥  in the same time complexity as computing 𝑓(𝑥). 
Actually, we have “informally” proved this by introducing the BP algorithm. We see that there is only a for-loop. 
 
Theorem: implementing BP is equivalent to implementing Bauer’s formula naively 
Proof: we use math induction procedure. In the proof, we use notation 𝑧ଵ, … , 𝑧 

- Base case: డ௭
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- Inductive hypothesis: assume that for 𝑘 > 𝑚, we have the local chain rule: 
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- Inductive step: for 𝑘 = 𝑚, we have 
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The first equality is Bauer’s formula; 
the second equality is by extracting the first factor in the multiplication; 
the third equality is distributive property (|Ch(𝑘)| terms in total); 
the fourth equality is using the inductive hypothesis because 𝑙 > 𝑘 = 𝑚. 

This finishes the proof. What we did in the BP algorithm is to iteratively calculate  
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And so forth, we approach back to డ௭
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the way down and calculate the derivative recursively, we get the forward-mode automatic differentiation. But if we start 



from డ௭

డ௭
 and calculate డ௭
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 one by one, we get the recursive-mode automatic differentiation, which is BP. 

And from the proof, we could say that: BP is a kind of recursive rearrangement of the Bauer’s formula. 

The Role of BP 

Differentiation in computer has a lot of forms. 
- Form 1: symbolic differentiation. This is what MATLAB has done. But BP does not do this. 
- Form 2: numerical differentiation: to calculate the differentiation using perturbation, getting the numerical result. BP 

does not do this, but can have the same result as this. 
A typical numerical differentiation is done by defining another function, e.g. 
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- Form 3: automatic differentiation: it calculates the numerical result, given a function input. It gets the same result as 
the numerical method, but approaches through computation graph. The function form is not obtained analytically, but 
as a graph. 

In other words, the computation hypergraph gives the function డ

డ௭
(𝑥, 𝑦, 𝑧). 

And by plugging in an input (𝑥, 𝑦, 𝑧), we have the numerical value. 
If we define a set of relationships between input arguments and the output, we establish a graph (which is equivalent 
to analytical form), even if we did not plug in any numerical inputs. The computer does not have to compute the 
analytical form of the derivatives, because the analytical form is exactly the graph structure (in backward propagation). 
 

Exercise: implement a code for BP. 
 


